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Abstract
We consider a reducible unitary representation of Heisenberg-Weyl
group in a tensor product of two Hilbert spaces. A non-commutative
operator graph generated by this representation is introduced. It is
shown that spectral projections of unitaries in the representation are
anticliques (quantum error-correcting codes) for this graph. The ob-
tained codes are appeared to be linear envelopes of entangled vectors.
Keywords Non-commutative operator graph, Covariant resolution of
identity, Quantum anticliques
1 Introduction
The theory of non-commutative operator graphs [1] plays a central role in
the study of the conditions under which it is possible to encode information
such that the transmission is made with zero error. Herewith such tasks as
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estimating the maximal dimension of graph [2] as well as constructing ex-
amples of classical [3] and quantum [4, 5] superactivation appear. Recently,
a study of noncommutative operator graphs generated by covariant resolu-
tions of identity was initiated [6]. In [7] a case of the circle group which is
compact and commutative was investigated in detail. In this paper we intro-
duce graphs generated by a reducible unitary representation of the discrete
Heisenberg-Weyl group in a tensor product of two Hilbert spaces. It gives a
more deep example with respect to [7] because the Heisenber-Weyl group is
non-commutative.
As is known, there is a direct connection between the theory of quantum
error-correcting codes and the theory of non-commutative operator graphs
(see brief introduction in [2] or a more thorough statement of the problem
in [8, 9]). The theory of covariant resolutions of identity is detailed in [7].
Non-commutative operator graph is a subspace V in the algebra of all
bounded linear operators B(H) in a Hilbert space H closed under operator
conjugation and containing the identity operator. A graph V is said to be
satisfying the Knill-Laflamme condition [9] if there is a orthogonal projection
PK , rankPL ≥ 2, on the subspace K ⊂ H such that
PKVPK = CPK .
The projection PK and the space K are said to be an anticlique [10] and a
quantum error-correcting code correspondingly. Consider a locally compact
group G with the Haar measure µ normalised by the condition µ(G) = 1. Let
B be a σ-algebra generated by all compact subsets of G. The set {M(B), B ∈
B} containing positive operators in H is said to be a resolution of identity
if [11]
M(∅) = 0,M(G) = I,
M(∪jBj) =
∑
j
M(Bj), Bk ∩ Bm = ∅ for k 6= m;Bk ∈ B.
For a projective unitary representation ρ : g 7→ Ug of the group G we
define an action of g ∈ G on operator S ∈ B(H) by the rule
ρg(S) = UgSU
∗
g .
A resolution of identity is said to be covariant with respect to this action if
ρg(M(B)) = M(gB), ∀g ∈ G, ∀B ∈ B.
In a finite dimensional case each covariant resolution of identity is known to
have the form
M(B) =
∫
B
UgM0U
∗
g dµ(g)
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where M0 is some positive operator.
Consider the graph V generated by a covariant resolution of identity
{M(B), B ∈ B}, i. e.
V = span{M(B), B ∈ B}.
For such graphs it is possible to find sufficient conditions for the existence of
anticliques. Consider the spectral decomposition of a unitary operators Ug
Ug =
∑
j∈Jg
aj(g)P
g
j .
Proposition 1 [7]. Suppose that given g ∈ G there exists jg ∈ Jg such
that P gjg = P and rankP ≥ 2. Then, P is an anticlique for V.
Our previous examples of anticliques [7] were obtained due to application
of Proposition 1 above. In the present paper we don’t build an example
for which Proposition 1 gives an anticlique. Nevertheless the technique will
be similar. The paper is organized as follows. In Section 2 we construct a
reducible unitary representations of the Heisenberg-Weyl groups in a tensor
product of two Hilbert spaces. Then, in Section 3 we obtain resolutions of
identity covariant with respect to the action of representations constructed in
Section 2. For the graphs generated by this resolutions of identity we prove
that anticliques exist. In Section 4 a structure of this graphs is revealed.
2 Reducible unitary representations of the Heisen-
berg - Weyl group
Consider a Hilbert space H, dimH = n, with the fixed orthogonal basis
|j〉 , 0 ≤ j ≤ n− 1. Define two unitary operators S and M by the formula
S |j〉 = |j + 1 mod n〉 , M |j〉 = e 2piin j |j〉 .
The group Gn generated by unitary operators S, M and unimodular roots
{e 2piin j , 0 ≤ j ≤ n − 1} is known as the Heisenberg-Weyl group. Below
we shall construct the reducible unitary representation of Gn in the Hilbert
space H = H⊗ H.
Let |kj〉 , 0 ≤ k, j ≤ n−1, be the standard basis in H . Taking the discrete
Fourier transform of |jj〉 , 0 ≤ j ≤ n− 1, we get n orthogonal vectors
h0k =
1√
n
n−1∑
j=0
e
2piikj
n |jj〉 , 0 ≤ k ≤ n− 1, (1)
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Then, applying the shift operator we obtain other n− 1 series of orthogonal
vectors
h
j
k = (I ⊗ Sj)h0k, 0 ≤ k ≤ n− 1, 1 ≤ j ≤ n− 1. (2)
Together {hjk, 0 ≤ k, j ≤ n − 1} form the orthogonal basis in H consisting
of entangled vectors. Consider the subspaces spanned by systems of the
following entangled vectors
Hj = span{hjk, 0 ≤ k ≤ n− 1}.
Let us define a map pi transmitting S and U to unitary operators in H as
follows
pi(S)hjk = h
j
k+1 mod n,
pi(M)hjk = e
2pii
n
kh
j
k.
Proposition. The map pi can be extended to a unitary representation of
the group Gn.
Proof.
Note that the subspaces Hj are invariant with respect to the action of S
and M . Let us extend pi to Gn by the formula
pi(SpM q) = pi(S)ppi(M)q,
then the restrictions of pi(Gn) to Hj are unitary equivalent to Gn.
✷
3 Covariant resolutions of identity for Gn.
Let us consider the conditional expectation (projection) on the algebra of
stationary points with respect to the action of the group Gn determined by
the representation pi
E(x) =
1
n2
n−1∑
p,q=0
pi(S)ppi(M)qxpi(M q)∗pi(Sp)∗, x ∈ B(H). (3)
Since pi is a direct sum of irreducible representations
pi = ⊕jpi|Hj ,
the algebra of elements which are stationary with respect to the action of Gn
has the generators
xpq =
n−1∑
k=0
|hpk〉 〈hqk| ,
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0 ≤ p, q ≤ n− 1. Hence we can rewrite (3) in the form
E(x) =
1
n
n−1∑
p,q=0
Tr(xqpx)xpq, x ∈ B(H). (4)
Let us consider the family of projections Qs on the subspaces Fs ⊂ H
spanned by the vectors
(I ⊗ Sk) |ss〉 , 0 ≤ k ≤ n− 1.
Theorem 1.
E(Qj) =
1
n
I
Proof.
xp,qQs =
n−1∑
k=0
|hpk〉 〈hqk|
n−1∑
l=0
|s s + l〉 〈s s+ l| =
1
n
n−1∑
k=0
(
n−1∑
r=0
e
2piikr
n |r r + p〉)(
n−1∑
m=0
e−
2piikm
n 〈m m+ q|)
n−1∑
l=0
|s s+ l〉 〈s s + l| =
1
n
n−1∑
k=0
n−1∑
r=0
n−1∑
l=0
n−1∑
m=0
e
2piik(r−m)
n 〈m m+ q|s s+ l〉 |r r + p〉 〈s s+ l| =
1
n
n−1∑
k=0
n−1∑
r=0
e
2piik(r−s)
n |r r + p〉 〈s s + q| =
|s s+ p〉 〈s s+ q| .
Hence,
Tr(xpqQs) = 0, if p 6= q,
and
Tr(xppQs) = 1.
Applying (4) we get
E(Qs) =
1
n
n−1∑
p=0
xpp =
1
n
n−1∑
p=0
n−1∑
k=0
|hkp〉 〈hkp| =
1
n
I
✷
Corollary. The non-commutative operator graph
Vs = span(pi(g)Qspi(g−1), g ∈ Gn)
5
has the anticlique
Pk =
n−1∑
j=0
|hjk〉 〈hjk| .
Proof.
〈hjk|s s + p〉 =
1√
n
n−1∑
m=0
e
−2piikm
n 〈m m+ j|s s+ p〉 = 1√
n
e
−2piiks
n δjp.
Hence
PkQsPk =
n−1∑
p=0
n−1∑
m=0
n−1∑
j=0
|hjk〉 〈hjk|s s+ p〉 〈s s+ p|hmk 〉 〈hmk | =
1
n
n−1∑
m=0
n−1∑
j=0
δjm |hjk〉 〈hmk | =
1
n
Pk. (5)
Taking into account that
pi(S)Pkpi(S
∗) = Pk+1 mod n and pi(M)Pkpi(M
∗) = Pk,
we get
Pkpi(S
pM q)Qspi(S
pM q)∗Pk = pi(S
pM q)Pk−p mod nQsPk−p mod npi(S
pM q)∗ =
1
n
Pk.
✷
4 A structure of the non-commutative oper-
ator graphs Vj.
Consider special sums of matrix units (1) and (2)
yml =
n−1∑
k=0
|hkm〉 〈hkl | .
and their linear combinations
h0 =
n−1∑
m=0
ymm (6)
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hp =
n−1∑
m=0
(ym+p mod n m + ym m+p mod n), 1 ≤ p ≤ n− 1 (7)
Theorem 2. All the graphs coincide Vj ≡ V. The graph V is generated
by the matrices (6) and (7).
Proof.
It follows from (1) and (2) that
|s s+ j〉 = 1√
n
n−1∑
m=0
e−
2piims
n |hjm〉 . (8)
Hence
Qj =
n−1∑
k=0
|j j + k〉 〈j j + k| = 1
n
n−1∑
k=0
n−1∑
m=0
n−1∑
l=0
e
2piij(l−m)
n |hkm〉 〈hkl | =
1
n
n−1∑
m=0
n−1∑
l=0
e
2piij(l−m)
n yml. (9)
From (9) we get the following equality
pi(Mp)pi(Sq)Qjpi(M
q)∗pi(Sp)∗ =
1
n
pi(Mp)pi(Sq)
n−1∑
m=0
n−1∑
l=0
e
2piij(l−m)
n ymlpi(M
q)∗pi(Sp)∗ =
1
n
n−1∑
m=0
n−1∑
l=0
e
2piij(l−m)
n e
2piip(m−l)
n
n−1∑
k=0
|hkm+q〉 〈hkl+q| =
1
n
n−1∑
m=0
n−1∑
l=0
e
2pii(m−l)(p−j)
n ym+q mod n l+q mod n
It results in
Vj = span{zjqp, 0 ≤ p, q ≤ n− 1},
where
zjqp =
n−1∑
m=0
n−1∑
l=0
e
2pii(m−l)(p−j)
n ym+q mod n l+q mod n.
Suppose that j1 6= j0. Let us take a generator zj0q0p0 of Vj0. Then, it coincides
with a generator zj1q1p1 of Vj1 with parameters
q1 = q0
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and
p1 = (p0 − j0 + j1) mod n
It follows that all the graphs Vj coincide with
V = span{zp =
n−1∑
m=0
n−1∑
l=0
e
2piip(m−l)
n yml, 0 ≤ p ≤ n− 1},
where (zp) is a result of the discrete Fourier transform of the system (hp)
zp =
n−1∑
m=0
e
2piipm
n hm.
By this way,
V = span{hp, 0 ≤ p ≤ n− 1}
✷
5 Conclusion
We introduce a number of non-commutative operator graphs generated by
reducible unitary representations of the Heisenberg-Weil groups Gn. It is
shown that all the graphs coincide. The structure of the obtained graph
is studied in detail. It is shown that for the graph there exist anticliques.
These anticliques are appeared to be projections on the subspaces generated
by entangled vectors. The construction extends one considered in [7].
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